Immersed boundary - lattice Boltzmann mesoscale method for wetting problems
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We develop a mesoscale computational model to describe the interaction of a droplet with a solid.
The model is based on the hybrid combination of the immersed boundary and the lattice Boltzmann
computational schemes: the former is used to model the non-ideal sharp interface of the droplet
coupled with the inner and outer fluids, simulated with the lattice Boltzmann scheme. We further
introduce an interaction force to model the wetting interactions of the droplet with the solid at
mesoscale: this interaction force is designed with the key computational advantage of providing a
regularization of the interface profile close to the contact line, avoiding abrupt curvature changes
that could otherwise cause numerical instabilities. The proposed model substantially improves
earlier immersed boundary - lattice Boltzmann models for wetting in that it allows a description
of an ample variety of wetting interactions, ranging from hydrophobic to hydrophilic cases, without
the need for any pre-calibration study on model parameters to be used. Model validations against
analytical results for droplet shape at equilibrium and scaling laws for droplet spreading dynamics

are addressed.

I. INTRODUCTION

Understanding the interaction between a liquid droplet
and a solid substrate is a complex multiscale problem liv-
ing at the crossroads between physics, chemistry, and en-
gineering. At macroscopic scales, the ability of a droplet
to wet a solid substrate is primarily quantified by the
equilibrium contact angle 0.4 via the celebrated Young’s
law [1, 2],

o5 fog = TE T
o
where o is the surface tension between the liquid (1) and
the ambient gas (g), while g and oy represent the sur-
face tensions between the solid (s) and the liquid and gas,
respectively. When a droplet is deposited on a solid sub-
strate, a spreading process follows until an equilibrium
shape with contact angle 04 is achieved. This spreading
process has been the subject of intense scrutiny over the
years, including experiments, theory, and numerical sim-
ulations [1-5]. In this landscape, numerical simulations
are optimal analysis tools, capable of revealing complex
features of wetting dynamics [4-29]. Many recent stud-
ies [, 30-36] feature problems with complex interfaces,
with added physical richness in comparison to models
that account for surface tension forces alone; hence, the
development of novel/improved numerical methods dis-
playing flexibility and computational efficiency in mod-
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eling complex interface physics for wetting is highly de-
sirable.

The hybrid immersed boundary (IB) - lattice Boltz-
mann (LB) method is well suited to capture complex in-
terface dynamics [37, 38]. In this approach, the interface
is sharp and is usually represented by a mesh on which
the desired interface properties are introduced. In addi-
tion, the method is based on the LB approach, which is a
highly efficient technique in computational fluid dynam-
ics [37-39]. Recent studies have used the IB-LB approach
to model soft particles with complex interfaces featuring
viscoelasticity [28, 40-49]; however, to the best of our
knowledge, applications of IB-LB to wetting problems
have been much less studied in the literature. In Ref. [28],
Pelusi and co-workers proposed a computational model
based on the IB-LB method to simulate the wetting dy-
namics of coated droplets. In their work, the interac-
tion between the droplet and the solid substrate has been
modelled via a Lennard-Jones interaction, which depends
on two parameters that must be pre-calibrated to obtain
the correct equilibrium contact angle. Moreover, as the
authors stated, their implementation can capture only
large contact angles. These issues are addressed in the
present study via a systematic analytical control of the
static solutions, thus avoiding pre-calibration efforts and
substantially improving the model applicability in vari-
ous physical scenarios.

To facilitate comparison with literature results, we
focus on the case of a droplet with surface tension o at
the interface. On the one hand, we aim to design and
implement an interaction force with the wall that allows
controlled modeling of the equilibrium contact angle


mailto:e.bellantoni@cyi.ac.cy

Ocq, i-e., without the need for any pre-calibration step;
on the other hand, we aim to extend the applicability
of the model to address a broad spectrum of contact
angles, ranging from hydrophobic to hydrophilic cases.
To validate our IB-LB method, we perform comprehen-
sive comparisons against analytical results for droplet
shapes at equilibrium and for droplet dynamics during
spreading.

The paper is organized as follows: in Sec. II, we review
the basic features of the IB-LB method and describe the
way wetting interactions with a solid substrate are intro-
duced in the model; in Sec. ITI, we report on the results
of numerical simulations for both droplet statics and dy-
namics, with comparisons against known analytical re-
sults; conclusions follow in Sec. V.

II. NUMERICAL METHOD

In this section, we provide details on the numerical
method employed. The lattice Boltzmann (LB) method
is used to resolve the fluids inside and outside the droplet,
while the immersed boundary (IB) method is used to cou-
ple the droplet interface with the fluid. A wall-interaction
force is further supplied to the IB scheme to model wet-
tability. In Sec. IT A, we recall the essential features of
the IB-LB method; in Sec. I1 B, we detail the modeling of
surface tension forces; finally, in Sec. II C we give specifics
on the modeling of wettability.

A. Immersed-boundary lattice Boltzmann (IB-LB)
method

The IB-LB is a well-established method in the liter-
ature which is particularly suitable to reproduce flows
and their coupling with deformable and complex inter-
faces [38, 40-51]. Fluid flows are described in terms of
continuous fields depending on space position (x) and
time (¢) via the continuity and Navier-Stokes equations:
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with p=p(a,t) being the fluid density, U =U (,t) the
fluid velocity, p=p(x, t) the fluid pressure, p the dynamic
viscosity, and F = F'(x,t) the force density. The LB
method recovers this description by following a kinetic
approach, which evolves in time a discrete probability
distribution function (PDF), f;(x,t), corresponding to
the probability density function of finding a fluid parti-
cle in the position x at time ¢ having velocity ¢;. Space
positions are discretized on a regular Cartesian lattice
with a constant lattice spacing Az in all directions; cor-
respondingly, time is discretized with a constant time

7 c; Wi
0 (0,0,0) 1/3
1-6 (£4%,0,0), (0,£5%,0), (0,0,£3%) 1/18

718 (242,482 ,0), (0,242, +42), (£42,0,442) 1/36

TABLE 1. Velocity vectors ¢; and weights w; for the D3Q19
LB scheme.

step amplitude At. In LB models, a finite set of Q) veloc-
ity vectors (i = 0,...,Q — 1) is considered, along which
the PDF's can stream [37, 38, 52]. Specifically, this work
employs a D3Q19 velocity LB scheme featuring 19 veloc-
ity directions (¢;) in a three-dimensional lattice. Velocity
vectors are associated with statistical weights w;. Details
about the scheme are reported in Tab. I. The LB equa-
tions give the dynamic evolution of all the f;, providing
a version of the Boltzmann equation discretized in time,
coordinate, and velocity space [37, 38, 52]:

fi(m‘i’ciAtv t+At)7fi(m7t):At [Qi(mat)+si(mat)] : (3)

Eq. (3) represents the sum of a streaming step (left-hand
side), in which the populations are advected from one
lattice node to another along the velocity vectors c;,
and a collision process embedded in the collision term
Q;(x,t). Streaming and collision steps are further sup-
plemented by external body forces through a source term
Si(x,t). In this work, we employ the widely popular
Bhatnagar-Gross-Krook (BGK) collision operator which
is given by [53]
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where 7.5 is a characteristic relaxation time and
£ (@, 1) is the Maxwell-Boltzmann equilibrium distri-
bution function that depends on (z, t) via the density and
velocity fields, i.e., fi(oq)(w,t) = fi(cq)(p(ut), Ulz,t)).
The equilibrium distribution is taken as the Taylor ex-
pansion of the Maxwell-Boltzmann distribution up to sec-
ond order, i.e.,

(eq) U - C; (U . CZ‘)2 U-U
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(5)
Here, ¢ is the lattice speed of sound, which corresponds
to ¢ = Az/(v/3At) in the case of the D3Q19 veloc-
ity scheme. Higher-order collision operators are pos-
sible, but they elude the scope of the present work.
The contribution of the force density F(x,t) is encoded
in the source term S;(x,t), which, in turn, depends
on (x,t) via the velocity and the force density, i.e.,
S(x,t) = S(U(x,t), F(x,t)), according to the Guo’s
forcing scheme [54]
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FIG. 1. A sketch describing simulations of a droplet spreading on a flat substrate with the immersed boundary (IB) - lattice
Boltzmann (LB) numerical method. Panel (a): macroscopic view of the spreading process allowing an initially spherical droplet
with radius Ro to attain its equilibrium configuration with contact angle f.q. The droplet interface features a 3D triangular
mesh that evolves in time [panel (b)] due to the action of surface tension and wetting forces [cf. Eq. (14)]. The interface is
further coupled (via the IB technique) with the dynamics of Newtonian viscous fluids (obtained with the LB technique) outside
and inside the droplet, featuring dynamic viscosities piout and pin = Apout respectively [cf. Eq. (9)]. Panel (c): mesoscale
regularization of the interface profile close to the contact line set by the wall-interaction term II(h), with h the vertical distance
of the interface from the wall [cf. Eq. (26)]. The change of the interface curvature from the outer region (spherical cap
with contact angle feq) to the inner region (thin film with thickness §) is regulated by the lengthscale £, with increasing &
accommodating more gentle curvature changes [panel (d), see text for more details]. The static profiles are also controlled via

analytical solutions [continuous lines in panel (d)].

The hydrodynamic variables are recovered by taking the
moments of the PDF [38, 54]:

where the equation for the fluid velocity U contains the
half-force correction [38, 54]. The continuity and the
Navier-Stokes equations (cf. Eqgs. (1)-(2)) are recovered
for the hydrodynamic variables in Eqs. (7)-(8), with dy-
namic viscosity set by p = pcZ(mp — At/2), while the
pressure is given by p=c2p. To account for the varying
fluid viscosity inside and outside the droplet, we consider
the LB relaxation time as a function of both space and
time: 75 = Tip(x,t). At each time step, using a ray
tracing algorithm already employed in previous works
[48, 50, 51], we identify the lattice nodes located inside
and outside the closed interface and set them to the val-
ues Ty = 7.0 and 7°U respectively. Correspondingly,
we define the viscosity ratio A as the ratio between the
inner dynamic viscosity pi, = pc2(7% — At/2) and the

outer one fiou = pc2 (T8 — At/2):

A\ = Hin (9)

Hout

To model the droplet interface, we introduce a set of La-
grangian nodes arranged in a 3D triangular mesh (see
Fig. 1), corresponding to a number of N; triangles. The
positions of the nodes, g;(t) (j = 1,..., N, where N is
the number of nodes), change over time following the
droplet motion. While our implementation does not cur-
rently support topology changes — required to simulate
drop coalescence or breakup — we emphasize that this is
not an intrinsic limitation of the method [55-58]. This
feature has not yet been implemented as it is not required
for the purpose of this study. The interaction between the
fluid and the droplet interface relies on a two-way cou-
pling between the Eulerian lattice and the Lagrangian
nodes: at every time step, nodal forces ¢; are evaluated
on every mesh node and spread onto the fluid nodes to
obtain the local force density F'; at the same time, a no-
slip condition is enforced by requiring the velocity of the
Lagrangian nodes, ¢;(t), to match the surrounding fluid
velocity U. The fluid-structure coupling is then obtained



as:
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4;(t) =Y Ul t)A(g;(t) — z)Az®. (11)

The above discretized integrals are implemented by us-
ing a four-point interpolation stencil, encoding a dis-
crete approximation of the Dirac delta function 6(x) as
A(x):=U(z)¥(y)¥(2)/Ax®, where ¥(z) is given by [38]
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and, analogously, for ¥(y) and ¥(z). Finally, at every time
step, the positions of the Lagrangian nodes are updated using
a single-step forward Euler scheme:

q;(t + At) = q;(t) + g;(H) At . (13)

Surface tension and wettability forces are encoded in the force
density F' (see Eq. (2)) which is localized at the interface.
Thus, we split its contributions into two parts: a surface ten-
sion force (Fy,) and a wetting force (Fir). In formulas, this
means that:

F(z,t) = [F, + Fu]6(x —r) =

=—[on (V- -7)+1(h)n]d(x —r) (14)

where 7o is the normal at the interface pointing out of the
droplet, and II(h) represents an interaction term that de-
pends on the distance h of the interface node from the
wall [see Fig. 1(c)]. The latter represents an important
computational ingredient of this work, since it controls the
droplet wettability. Its implementation, whose details are
provided in Sec. 11 C, marks a key distinction from the ap-
proach in Ref. [28], where the wetting dynamics is driven by
a Lennard—Jones force orthogonally-oriented with respect to
the wall. By adopting Eq. (14) and employing a proper defini-
tion of the interaction term II(h) (see Sec. 11 C), we overcome
the limitations reported in Ref. [28] regarding the impossi-
bility to achieve small contact angles. As discussed below,
Eq. (14) provides greater analytical control over the solution.
In the following sections, we report details on how the surface
tension is implemented in our model and on the choice of the
interaction term II(h).

B. Modelling surface tension forces

To simulate a droplet with a given surface tension o, we
follow the approach presented in Ref. [28] and rely on con-
solidated results from elasticity theory [59-61], here briefly
reviewed. Let X (t) be the position of a surface element, and
X the position of the same element in some reference config-
uration (e.g., in the configuration at rest). The deformation
gradient tensor is given by:

Cc(t) = . (15)

Since we are interested in interfacial modeling, we consider
the following projection onto the surface of the droplet:

D(t) = P(t) - C(t)- P(t =0) , (16)

where P(t) = [1 — n(t) ® n(t)] is a projection operator, with
1 being the 3D identity tensor [60]. One can define two strain
invariants starting from D, i.e.,

a= %log{% [tr(D - DT)} 2— %tr[(D . DT)Q] } ,  (17a)
b= lmr(D D"y -1, (17D)

2
that can be used to write the interface stress 3 and the force
F,, exerted by the interface [60]:

e [Py v o
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with w being the strain energy function that characterizes
the mechanical response of the interface. We can recognise
the surface tension coefficient o in the first term of Eq. (19)

as o o
—a [ Ow w
= — 4+ — . 20
oc=e ( 9a + (%) (20)
As shown in Ref. [60], one can choose the strain energy for
a droplet with surface tension o, such that 67“‘2—1: = o and
%—?j = 0, thus obtaining;:
w(a) = oe” . (21)
Eq. (19) therefore becomes:
F, = —on(V - 7). (22)

Note that the second term of Eq. (19) is zero because o is
constant. We remark that the force in Eq. (19) is defined
and computed at the droplet interface before being spread
to the fluid via the IB-LB coupling described in the previ-
ous section, hence resulting in the first term of the right-hand
side of Eq. (14). The numerical implementation of the sur-
face tension force follows finite-element-method-like technique
whose details, found in Ref. [62], are here briefly sketched.
On each triangle of the triangulated mesh, whose vertices’
positions are gi,2,3(t), we define the displacement vectors,
Vi,2,3(t) = q1,2,3(t) —q1,2,3(t = 0), which are used to compute
the displacement:

V(t) = N1Vi + NoVao + N3Vs (23)

with Ni23(z,y) = a1,2,3¢ + b1,2,3y + c1,2,3 being the shape
functions and whose coefficients are reported in Ref. [62].
Eq. (23) can be used to formulate the discrete version of
Eq. (16):

D(t)=1+VV(t), (24)
where VV is a 2D second-rank tensor, and I is the 2D iden-
tity tensor. We then use D to compute the strain invariants
on each triangle (see Egs. (17)), which are used to evaluate



the strain energy w [see Eq. (21)]. Finally, the contribution
to the force density on each node of the mesh given by the
surface tension at the interface is:

ow

o= ——— . 2
Po,j v, (25)

C. Modelling wetting properties

Earlier studies [63] used the IB approach to investigate dy-
namic contact angles on surfaces with complex wettability.
In that approach, the contact angle is explicitly imposed as a
boundary condition, which enables the treatment of surfaces
with complex features. However, it requires the use of inter-
face normals, which is particularly challenging near bound-
aries. In contrast, in our LB implementation of wetting prop-
erties, we avoid challenges associated with accurately defining
the interface normals near solid boundaries, and we regularize
the interface curvature in such a way that the desired contact
angle emerges as the large-scale limit of some inner mesoscale
interaction model. This is achieved via the introduction of
the interaction term II(h) in Eq. (14) as follows [26, 64, 65]

oo ()]

where n and m (n>m) are parameters regulating the effec-
tive range of the interaction, A is constant, and h measures
the (vertical) distance from the solid surface [see Fig. 1(c)].
It is worth noting that a film with thickness § develops be-
low the droplet, with the property § — 0 as £ — 0 (see
Appendix C). The regularizing lengthscale & is tunable in the
model and sets the characteristic lengthscale that regulates
interface curvature changes when the outer interface profile
approaches solid walls [see Fig. 1(c)]. Regarding the numer-
ical implementation, the interaction term II(h) is computed
on each Lagrangian node of the mesh representing the inter-
face. For each node j, we calculate the corresponding wetting
nodal force, ¢mn,;, which contributes to the IB method [see
Eq. (10)] as

pn, = =TIy (27)

where 7y; is taken as the average of the normal vectors of all
faces that share the j-th node, while x; represents the area
of the mesh associated with the j-th node. The factor 1/3
accounts for each triangle area being shared by three vertices.
This renormalization using the nodal area is necessary to en-
sure robustness to mesh discretization. Similar to the surface
tension forces, the wetting force is spread to the fluid via the
IB method, resulting in the second term of the right-hand side
of Eq. (14). Let us now discuss the choice of the parameters
m, n, A, and £ of the wall-interaction force. From the balance
between the surface tension forces with the wetting forces at
the interface one obtains

Ap=0cV - -n+1(h), (28)

where Ap is the pressure jump across the droplet interface.
In Appendix A, we show that the interface profile displays
a wedge-like structure near the wall, which becomes more
prominent as the micro-scale & becomes much smaller than
the droplet radius, Ro, noting that the infinite, wedge-like
assumption becomes less relevant for smaller contact angles

(see Appendix C). This wedge is characterized by an angle
Ocq, which is related to o, A, n, and m as follows [26, 64, 65]:

Gym=1(n—1)
(n—m)¢

Eq. (29) allows a controlled use of the parameters A, m, n,
and ¢ with a precise link with the equilibrium contact angle
Ooq, without the need of any pre-calibration step on model
parameters, as done in Ref. [28]. Moreover, as discussed in
detail in the next section [see also Fig. 1(d)], for a given 0.,
the lengthscale £ can be further used to achieve the desired
level of interface profile regularization close to the contact
line.

The use of the wall-interaction force of the form given in
Eq. (26) echoes the disjoining-pressure term which is com-
monly invoked to account for the inter-molecular interactions
of thin films near a substrate [66], allowing the formation of
a thin pre-wetting film ahead of the contact line in pseudo-
partial wetting scenarios [2, 67, G8]. Here, as in relevant works
in the literature [26, 64, 65, 69], the Lennard—Jones-like inter-
action term II(h) is used to model strong repulsions at short
distances between the droplet and the substrate, and attrac-
tion at intermediate distances. In this manner, II(h) primarily
impacts the contact angle and the shape of the interface near
the substrate. Importantly, its presence regularizes the cur-
vature of the droplet interface, suppressing any stresses that
would have resulted in the vicinity of a moving contact line.
Indeed, dealing with abrupt curvature changes would intro-
duce strongly localized forces in the interface model, which, in
turn, could cause numerical instabilities when the interface is
coupled with the fluid via the IB method (see Sec. I A) [38].
We emphasize that our approach in modeling wetting is not
primarily aimed at establishing a precise link between II(h)
and the underlying molecular physics. Indeed, the nanoscale
effects, which would significantly impact the value of the sur-
face forces (and hence the contact angle) in the area sur-
rounding the droplet [3], are not physically represented within
the proposed approach. Instead, we utilize an efficient and
straightforward computational strategy (inspired by physics)
that allows smooth curvature changes over the lengthscale
& near the contact line. The method is then meant to be
used in the limit £/Ro — 0, where we will show that relevant
macroscopic features of wetting are reproduced via quantita-
tive benchmarks and model validations, both for droplet stat-
ics (see Sec. IITA) and spreading (see Sec. IIIB). We finally
remark that as £/Ro — 0, the thickness of the thin film that
develops below the droplet becomes vanishingly small [see Ap-
pendix C; see also Fig. 1(c)], but still prevents direct contact
of the interface nodes with the wall. Furthermore, as demon-
strated in earlier literature papers [65], the model can also
be equipped with a boundary condition (not implemented in
the present study) for the tangential stress if adhesion prop-
erties with the wall are desired. In other words, in the limit
&/Ro — 0, the model is flexible enough to avoid “floating”
droplet-like configurations.

A= (14 cosbeq). (29)

III. NUMERICAL RESULTS

In this section, we discuss numerical simulation results
to validate the implementation of the IB-LB model. First,
we consider the droplet at equilibrium and compare the
droplet’s shape obtained from numerical simulations with the
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FIG. 2. Comparison of droplet profiles at equilibrium between the equilibrium solution obtained by solving Eq. (28) (solid black
lines) and the simulated results (dashed red lines) for different combinations of equilibrium contact angle, eq and normalized
regularization lengthscale £/Ro (different panels): 6.y increases from left to right, while £/Ry increases from top to bottom.
The dotted line represents the height z/Ro = £/Ro [see Eq. (26)].

corresponding theoretical prediction (Sec. IITA). Then, in
Sec. 111 B, we consider the spreading dynamics of the droplet
towards equilibrium shapes.

The numerical simulations have been carried out in a 3D do-
main, with edges of length L,, L,, and L. In all simulations,
we set Ax = At = 1, hence they will be dropped hereafter.
The boundary conditions are taken to be periodic along the
x and y directions [see Fig. 1] while the no-slip boundary
condition is enforced at the top and bottom boundaries us-
ing a bounce-back approach [38]. Throughout this work, the
initial density was always set to unity and the exponents in
Eq. (26) were taken to be (n,m) = (6,3) as attested in re-
lated studies [70, 71]. Simulations ran on NVIDIA Ampere
A100 64GB graphics processing units (GPUs), with a simula-
tion time for each spreading process lasting between 0.5 and
12 hours, depending on simulation parameters. In a typical
simulation with L, = Ly, = L, = 64 and a triangular mesh
with N, = 5 x 10° faces, we achieve approximately 50 mega
lattice-updates per second (MLUPS).

A. Statics

We started our investigations by analyzing the droplet
shapes in equilibrium conditions. Numerical simulations were
performed in a box of dimension Ly X Ly x L, =80 x 80 X 60.
To reach equilibrium, we start with an equilibrated spherical
droplet, with initial radius Ro =20 modelled with N; =40 000
triangles, which is placed close to the substrate, at a dis-
tance where the interaction term II(h) is non-negligible. This
way, the droplet starts to spread [see Fig. 1(a)] until the
equilibrium state is achieved. The viscosity ratio between
the inner and outer phases is A = 1. We considered differ-
ent equilibrium contact angles, 0eq € {7/4, 7/2, 37/4}, and
different values of the normalized regularization lengthscale,
¢/Ro€{0.1,0.2,0.3}.

The equilibrium droplet shape is extracted from numeri-
cal simulations and compared with analytical predictions. In
particular, under the assumption of an axisymmetric droplet,
one can derive a differential equation for the profile of the sur-
face of the droplet, which is described in spherical coordinates
in terms of the radial distance from the origin with a profile



of the form r = G(¢), with ¢ being the polar angle formed
with the z-axis. For a schematic, derivation and implementa-
tion details of the differential equation for the droplet shape
[Eq. (28)], see Appendix B; for further commentary on its
asymptotic structure see Appendix C.

In Fig. 2, we report a comparison between the theoretical
droplet shape obtained by solving Eq. (28) (solid black lines)
and the simulated ones (dashed red lines) extracted by tak-
ing a slice over a plane orthogonal to the y-axis and passing
through the droplet’s center of mass. Overall, the agreement
between the simulated droplet shapes and the theoretical pre-
dictions is excellent for all combinations of £/Ro and feq. To
delve deeper into the matter, we computed the error between
the theoretical radial profile Gineo(¢) and the simulated one
Gsim () by averaging on the azimuthal angle ¢:

Jo 1Geim (@) — Guneo(9)?d¢b
B = T : 30
" fo |G iheo (@) |2d (30)

Here, the integration domain is restricted to ¢ € [0, 7] because
of the axial symmetry of the problem. Fig. 3 shows the error
EL, as a function of £/Ry for different values of .q. There,
Gsim(9) is extracted by considering the radial distance of every
Lagrangian node from the droplet’s centroid. The radius Ro
is kept fixed to Ro=20. To evaluate the influence of interface
resolution, we performed numerical simulations with different
numbers of triangles: N; =20000 [Fig. 3(a)] and N; =40000
[Fig. 3(b)]. In Fig. 3(a), the error Er, is generally small, de-
creasing to approximately 0.001 as £/Ro increases. For the
largest value of the equilibrium contact angle (6eq =37/4), the
error is independent of £/Ry. Conversely, for smaller values
of Oeq, the error increases as /Ry decreases, becoming pro-
nounced around a critical value (§/Ro)*. The critical value
(&§/Ro)”" is larger for smaller values of feq: for feq =7 /4, the er-
ror reaches a peak value of approximately Elﬁzak ~ (.1. These
effects are likely tied to the discretization of the droplet in-
terface. By comparing Fig. 3(a) and Fig. 3(b), it is clear that
higher resolution leads to a transition to smaller errors oc-
curring at lower values of (£/Ro)*. Additionally, the peak
error, Eizak, is reduced for smaller values of 6. when a finer
discretization is used. Such a resolution study reveals that
N¢=40000 provides a good resolution, as the maximum error
is found to be Eieak ~ 0.01 for the smallest 6.4 considered. In
contrast, N =20000 does not achieve good convergence, as
evidenced by higher errors and oscillations for small values of
&/Ro. We therefore performed all simulations for the statics
with N;=40000.

B. Dynamics

In this section, we report on results of numerical simula-
tions for the spreading dynamics of a droplet on a flat surface.
The process of droplet spreading is characterized by differ-
ent regimes, where different force contributions balance and
produce different scaling laws for the evolution of the contact
radius r.(t), i.e., the radius of the interface area that is in con-
tact with the wall. The initial stages of spreading have been
investigated in several experimental, numerical and theoreti-
cal works [9, 17, 18, 20-23, 72-79]. If Laplace pressure bal-
ances the inertial terms, an inertial scaling regime is expected,
for which r.(t) ~ t}/2, echoing the inertial scaling of the con-
tact area between two coalescing droplets [80—-86]. This iner-
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FIG. 3. Error Er, between IB-LB simulations and theo-

retical prediction (cf. Eq. (30)) as a function of the normal-
ized regularization lengthscale, £/Ry, for different values of
0cq (different symbols/colors). We consider different realiza-
tions for the number of triangles on the droplet interface:
N¢=20000 (top panel) and N;=40000 (bottom panel).

tial scaling is verified in spreading experiments on completely
wetting surfaces as well as in the initial stages of spreading of
droplets on partially wetting surfaces, while for later stages a
departure from the 1/2 exponent is observed [72-75].

In the very late stage of spreading dynamics, a much
slower process is expected, when viscous effects balance sur-
face tension forces, reproducing the celebrated Tanner’s law,
re(t) ~ /10 [3, 87, 88]. Since the wetting modeling imple-
mented in our IB-LB method (see Sec. IT C) does not result in
a direct contact between the interface and the wall, it is natu-
ral to look for an appropriate definition of the contact radius
rc(t). For this reason, we first investigate the sensitivity of the
expected scaling laws to the way r.(t) is defined. With this
aim, we design two protocols to determine the contact radius:
(i) following an earlier work on the subject [89], we identify the
contact line as the intersection between the droplet interface
and a plane parallel to the wall placed at the height zcus, re-
ferred to as the intersection parameter; then, we evaluate the
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FIG. 4. Droplet contact radius r.(t) as a function of time in the early stages of spreading dynamics, normalized with respect to
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on the intersection parameter zcut, and show results for different values of zcut/Ro; bottom panels refer to protocol (#4), based
on the flatness parameter ¢, and show results for different values of e;.

contact radius as the average distance of the contact line from
the center of the contact region at height zcus; (77) we consider
the portion of the droplet interface that forms a flat region
parallel to the wall: since the droplet surface is discretized
into triangles, one has to focus on the lower half of the droplet
and consider each triangular element individually. A triangle,
whose vertices are positioned at g; (see Sec. I A), is included
as part of the flat region if max; ;|(q; — q;) - fow| < erRo,
where the indices 7 and j run on the three vertices of the tri-
angle, fu,, is the unit normal to the wall, and & is a threshold
parameter, referred to as the flatness parameter. The con-
tact area computed using this procedure (x.,) is determined
as the sum of the areas of all triangles that satisfy the flat-
ness criterion. The corresponding contact radius, r,, is then
calculated by assuming that x., corresponds to the area of a
circle with radius r,.

We first focus on the dynamics in the early stages of wet-
ting, where an inertial scaling law 7.(t) ~ t1/2 is expected
for the contact radius r.(t). By using protocols (i) and (%)
and comparing against the expected scaling law, we assess
the robustness in measuring r.(t) as the free parameters zcus
and g¢ are varied. This is done by performing dedicated
simulations with € = 2, and A = 10 in a domain of size
Ly x Ly x L, = 240 x 240 x 130. Simulations are initialized
as described in Sec. IIT A, with a spherical droplet of radius

Ry =60 initially placed close to the wall, at distances where
the wall-interaction force is not negligible in order to enable
spreading. Notice that we chose a value of Ry larger than
the ones used for the static simulations to achieve a smaller
Ohnesorge number, Oh=p/(pRoo)*/?, and facilitate compar-
isons with literature results. In Fig. 4, we analyze the time
evolution of the contact radius 7.(¢) for both protocols (%)
and (i7). The reported time is normalized with the inertial
timescale £ = \/pR3 /o [21, 26, 73, 75]. Figures 4(a)-(d) re-
fer to protocol (%) and show different values of the normalised
intersection parameter zcut/Ro, while Figs. 4(e)-(h) report re-
sults obtained by employing protocol (i) for different values
of the flatness parameter e;. Different symbols/colors cor-
respond to different values of the equilibrium contact angles
Ocq. The inertial scaling r.(t) ~t1/2 is also reported for com-
parison. As expected, varying the parameter that pertains
to each protocol has a non-trivial impact on the measured
radius, particularly at early stages when the contact radius
is small. For protocol (7), a plateau is seen until the points
on the contact plane, fixed at the height zcy from the wall,
are unaffected by the spreading process. For protocol (i), a
larger value of ef means a triangle is considered flat with a
lower tolerance; therefore, the region judged as flat is con-
stant for a longer period. Then, when the contact radius
starts to increase, it soon approaches an inertial-like scaling
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FIG. 5. Dynamics of the droplet contact radius r.(t) at early
and late stages of spreading. Contact radius is normalized
with respect to initial droplet radius Rp. Time is normal-
ized with respect to characteristic viscous time t*. Top panel:
evolution of 7.(t) for different values of the equilibrium con-
tact angle feq (different colors/symbols) based on simulations
with Ry = 90; scaling laws for inertial regime (dash-dotted
line) and viscous regime (dashed line) are also reported. Bot-
tom panel: evolution of the contact radius for a fixed contact
angle (0eq = 7/16) and different values of Ry (different col-
ors/symbols) based on simulations where the droplet is ini-
tialized as a spherical cap; dashed line refers to the scaling
law for viscous regime.

with a power-law behavior very close to r.(t) ~ t'/2: this
happens for all the considered values of zcy¢ and e, although
its onset occurs at different times depending on the values of
the two parameters. The earliest onsets for the two proto-
cols is seen in Fig. 4(b) and Fig. 4(f), where it occurs around
t/t ~0.01, with the plateau for protocol (i) [panel (b)] last-
ing slightly less than the plateau for protocol (i) [panel (f)].
Furthermore, it emerges that there exist optimal values of

zcut/Ro ~0.050 and &f ~ 0.1 for which one can get closer to
the inertial scaling, showing a nice agreement with molecular
dynamics results reported in Ref. [75]. Interestingly, the opti-
mal value of z.u; matches the height where we expect to have
the maximum curvature for the droplet interface at equilib-
rium, which roughly occurs at the minimum of the wetting
interaction term II(h = h*), where h* = £(n/m)Y/ =™ For
the chosen values of m, n, and &, this leads to h* /Ry ~0.050.
Regarding the precise details of the power-laws observed, al-
though the corresponding exponents may be fitted [26], vi-
sual inspection reveals they are essentially very close to 1/2.
Some slight dependence on wettability is observed, especially
for the larger values of r.(t)/Ro, with data for smaller feq ly-
ing slightly above data with larger 0.4, in agreement with the
literature [26, 73, 75]. Improving the quality of data below
rc(t)/Ro=0.01 would probably require larger resolutions. In
summary, the measurement of the contact radius r.(t) sensi-
bly depends on the specific values of the parameter involved
in the protocol used. Moreover, there exists an optimal value
of the parameter for which the agreement with the expected
scaling law is maximized. Although in Fig. 4 it emerges that
the choice of the protocol does not markedly impact the op-
timal agreement with theory, protocol (i) could be favored,
since it provides a physically intuitive relation that connects
the optimal value of the intersection parameter zc,t and the
height of the maximum curvature.

Next, we investigate the late stage of the dynamics, which
is expected to be dominated by viscous forces. In Fig. 5(a),
we report results obtained by performing longer simulations
with £ =3, Ry =90, N =500000 and different equilibrium
contact angles 0oq € {m/16, /8, w/4}. For larger values of
Ocq, the droplet hardly spreads before reaching equilibrium
after a brief inertial-spreading stage. For small values of 0.,
however, before the spreading stops, we observe a transition
to another scaling close to 7(t) ~ tl/lo, as expected from
Tanner’s law [3, 87, 88], which arises when viscous and sur-
face tension forces prevail. This observation aligns well with
previous works [21, 26]. To study the scaling law behavior of
the late stage in more detail, we performed additional simu-
lations using a dedicated set-up: the droplet is initialized as a
spherical cap, bypassing the initial inertia-dominated spread-
ing process, allowing us to focus directly on the viscous scaling
law. Simulations are performed by fixing £ and using differ-
ent Ry € {100, 120, 150} using Ny = 500000 for the former
two radii and N; = 750000 for the last one. The results are
reported in Fig. 5(b). We observe that, by increasing Ro,
the scaling law 7.(t) ~ ¢*/1° is more closely followed, suggest-
ing that a clear separation between the (inner) regularizing
lengthscale ¢ and the (outer) lengthscale Ry is necessary to
observe Tanner’s law. Interestingly, the prefactor is a decreas-
ing function of Rp: when studying viscous spreading mod-
eled using sharp-interface hydrodynamics with a slip length
£, the predicted prefactor scales like ~ 1/[log(Ro/£s)]*/*°.
This suggests that, when Ro/€ > 1, the mechanism of reg-
ularization introduced by the finite lengthscale ¢ effectively
plays the role of a slip boundary condition on the substrate.
More detailed comparisons with the spreading process of a
droplet are needed to quantitatively address this point. We
finally remark that, during the spreading or retraction process
of a droplet, hysteresis effects are present [3], related to the
heterogeneities on the substrate that promote the pinning of
the contact line. The characteristic size of defects can range
from nano/microscopic to macroscopic. Since our method is



a mesoscale one, a precise link with nano/microscale physics
is not presently possible. On the other hand, it is possible to
generalize the method to include macroscopic defects [65].

IV. CONCLUSIONS

We have studied the statics and dynamics of wetting within
the framework of the hybrid immersed boundary - lattice
Boltzmann (IB-LB) numerical technique, focusing on the
problem of the interaction of a liquid droplet with a solid
wall. We leveraged a previous IB-LB model for wetting by
some of the authors [28], with the main scope to overcome
its limitations related to the difficulty in modeling small con-
tact angles and the need to use pre-calibration simulations
to set the desired contact angles. We have substantially ex-
tended and improved the method in various directions. We
used a controlled implementation of wetting [26, 64, 65] fea-
turing a wall-interaction term II(h) with strong repulsions at
short distances and attraction at intermediate distances, thus
impacting the profile shape only in the vicinity of the wall.
Within this approach, the equilibrium contact angle can be
set a priori via the suitable choice of the II(h) parameters.
Furthermore, a regularization lengthscale ¢ is present, which
allows to control abrupt curvature changes close to the con-
tact line. We stress that the II(h) term is not meant to be
used to model molecular physics; instead, it is used to numer-
ically resolve the dynamics of the contact line preventing a
direct contact between the interface nodes and the substrate.
The force exerted by the potential is generally weak due to
the diminishing effect of II with distance and as £/Ry — 0.
In these limits, we show that the “macroscopic” picture of
wetting is well recovered by our mesoscale method, with the
static interface shape approaching a wedge-like structure with
the desired equilibrium contact angle 6oq. More in detail, an-
alytical predictions for the equilibrium shapes have been suc-
cessfully verified in simulations; furthermore, we have used
simulations to investigate the dynamics of spreading in the
inertia-dominated and the viscous-dominated regimes. The
results are in agreement with those in the known literature.

Our results pave the way for interesting future develop-
ments. First of all, the IB-LB methodology has been widely
and successfully used to model complex interface physics, e.g.
featuring elasticity and interface viscosity [40-49]. Studying
wetting problems involving interface physics with these ad-
ditional complexities surely poses excellent food for thought
in the future perspective. For example, many studies focused
on elastic wetting, featuring liquids close to solid walls con-
fined by elastic membranes [30, 31, 33, 35, 36]. The IB-LB
model is particularly amenable in accommodating elasticity
models at the interface via a suitable change in the constitu-
tive law: this amounts to considering different strain energies
in Eq. (19), embedding more information than just surface
tension forces; this modeling would probably be more diffi-
cult in the context of traditional diffuse interface LB models,
such as the pseudopotential LB or the colour gradient models
(see Ref. [39] for a recent review). Hence, the IB-LB could be
used as an ideal numerical tool to complement experimental
observations and/or extend our knowledge on wetting to un-
explored settings. Another key noteworthy aspect is the fact
that the IB-LB method is particularly efficient; hence, it can
be used to generate ground-truth data and explore the possi-
bility of developing data-driven methodologies to unravel the
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FIG. 6. Wedge-like profile in the limit £/Ro — 0, which is
used for obtaining the dependence of A as a function of Geq.

non-linear relation between droplet dynamics and the features
that control it [90, 91].
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Appendix A: Setting the wetting interaction
strength A

In this section, we provide details on how to relate the
constant A in the wetting interaction term in Eq. (26) to the
equilibrium contact angle 6., in the limit of large droplets.
At equilibrium (U = 0), the force balance equation in the
normal direction reduces to Eq. (28). For large droplets, the
scale £ is much smaller than the characteristic droplet radius
Ry and we also have Ap — 0 as a consequence of the fact that
the pressure must be inversely proportional to Ro. Therefore,
in the limit when Ry — oo, Eq. (28) reduces to oV - 72 +
II(h) ~ 0 and the free-surface assumes a wedge-like profile in
the vicinity of the contact line, whose size allows us to neglect
its curvature in the azimuthal direction (see Fig. 6). In this
manner, the curvature of the profile may be obtained via the
Serret—Frenet formulas [92]

5 |47 dv
V-n—Hds =45 (A1)
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FIG. 7. Droplet geometry. The droplet is centred around the
vertical axis and lies at a distance § above the substrate.

where s is arc length, 7 is the tangent vector and 1) is the angle
7 makes with the z-axis (see Fig. 6). Since the z-coordinates
of the wedge-like profile, h(s), are linked with ¢ (s) through
siny = dh/ds [93], we may invoke the chain rule to write
Eq. (28) in the large-droplet limit as

asindJ% +1II(h) = 0. (A2)

To derive Eq. (29), we use the fact that Eq. (A2) is a separable
differential equation and we perform integrals over the range
h and v are defined, namely from ¢ =0 [equivalently h=¢ so
that Eq. (A2) holds] to ¢y =m — fcq (equivalently h — oo, see
Fig. 6), so that

a/oﬂ_eeq singp dep = fA/:o K%)n - (%)m} dh. (A3)

The above integrals may be straightforwardly evaluated to
yield Eq. (29) [26, 64, 65].

Appendix B: Solving for droplet shapes

In this section, the main ingredients which are necessary
to obtain numerical solutions to Eq. (28) are provided. A
key step towards this goal is casting the surface profile as
a singe-valued function, which is conveniently accomplished
by considering the droplet in a spherical coordinate system.
Assuming axisymmetry, the radial function identifying the
surface is 7 = G(¢), where ¢ is the polar angle formed with
the z-axis (see Fig. 7). This notation for the polar angle has
been decided against the popular choice of 6 to avoid notation
clash with the contact angle which uses the same variable.
The problem is made non-dimensional using G(¢) = Rog(¢),
where, like previously, Ry is the initial (spherical) droplet
radius. This particular form for the droplet profile avoids
numerical issues related to the discretization of surfaces of
different sizes. The outward unit normal of the surface, n is
given by

g . 9¢

n = 7 —
(> +93)2 (9> +93)

— (B1)

where 7 and é are the unit vectors in the radial and po-
lar directions, respectively, with subscripts denoting partial
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differentiation with respect to the denoted variable, ¢ here.
Evaluating the divergence of the unit normal in spherical co-
ordinates, we find

29° + 395 — 990 9o 008 ¢ (B2)

V.h= - .
Ro(g? +93)*/?  Rogsin (g2 + g3)'/?

To facilitate the numerical solution in the vicinity of the polar
axes, we notice that g(¢) is in fact a function of cos ¢. Making
the variable change u=cos ¢, Eq. (B2) is cast as an equation
for g(u), namely

ugg — g° — (1 —u’)gj ug + 3g

+ )
Ro[(1—u?)§®+g*]*’* * Rog /(1 —u?)§® + ¢
(B3)

where the dots denote differentiation with respect to u €
[—1,1]. The normal force balance equation (28) becomes:

V.=

199~ 9" = (1—u’)g§ ug +3g
[(1—u?)g?+ g% g/ (T —u?)§ + g2

el o [(£) (5. o

where we set k = ApRo/o and h is the distance from the
substrate given by h = Rg [ug(u) + g(—1)] + 6, with § = £
being the smallest distance from the substrate which needs
to be determined as part of the solution (see Fig. 7). Hence,
given k (or equivalently, the volume of the droplet, see below),
we determine 0 and g(u), subject to

g9(1) = g(=1), (B5)

which means that the origin is placed in the middle between
the top and bottom parts of the droplet. Through an integral
constraint, we impose the volume of the droplet, which is
written as

/O " (¢)singdé = 2, (B6)

or, in terms of the w variable, as

/1 g°(u) du = 2. (B7)

-1

Hence, to determine the droplet profile together with § and
k, we use second-order finite differences to enforce Eq. (B4)
everywhere in the domain alongside with conditions Egs. (B5)
and (B7), thus maintaining the same number of degrees of
freedom in this process.

Appendix C: Asymptotic structure of equilibrium
solutions

The present section scrutinizes equilibrium solutions deter-
mined from Eq. (B4) analytically in order to uncover further
insight into their underlying structure. It is clear that equi-
librium solutions consist of a nearly flat region near the wall
for which u — —1 (equivalently ¢ — ) and a spherical cap
away from the wall and as u — 1 (equivalently ¢ — 0). This
observation allows us to approximate the solution within their
respective regions.

Far from the wall, the interaction term II(h) in Eq. (B4) is
generally small, particularly when £/Ry is also small. When
II(h) is absent, the solution to Eq. (B4) is exactly described



by a cap of a sphere of radius R. = cRy, for some constant
c. Since in these cases we know that the pressure jump sat-
isfles Ap = 20/R., we readily conclude from the definition
of k in Appendix B that ¢ = 2/k. From simple geometri-
cal arguments concerning the droplet size, the way the co-
ordinate system is defined (see Fig. 7) and the requirement
that the droplet meets the substrate at the equilibrium angle
Oeq, we readily obtain that the droplet profile is essentially
that of a circle of radius R. which is shifted by a distance
R cos?(0eq/2) downwards along the z-axis with a contact line
of radius:

re = Resin fegq. (C1)

Starting from the Cartesian representation of the circle
6. \2
2 +y + (z + R. cos” ?) =R (C2)

and converting it to the spherical coordinate system, we find
that the droplet surface is described by

— cos® 0% cos ¢ + \/1 — cos? % sin?¢|, (C3)

r=R.

noting that, as expected, the corresponding g(u), namely

g(u) =c [— cos’ 9;qu + \/1 — cost %(1 —u?)|, (C4)

satisfies Eq. (B4) with k& = 2/c when the II(h) term is not
present. Based on these considerations, the half-height of the
droplet, ¢, is estimated as (see Fig. 7)

¢ = R.sin? Q%q, (C5h)

where corrections of order £/Ro have been neglected.

Given that this model dictates smooth variations in curva-
ture near the contact line with larger /Ry accommodating
more gentle curvature variations, defining the contact angle
cannot be done in a consistent manner. However, by invoking
the spherical cap approximation, one can estimate the cor-
responding feq had &/Ro been vanishingly small. This can
be accomplished by utilizing the half-height of the droplet,
which can be more accurately measured. Specifically, start-
ing from the formula for the volume of a spherical cap in terms
of tan(feq/2) (see Appendix in [90]), we deduce that

8R8 Geq 2 eeq
3 tan 5 3 + tan -5 | (C6)
Then, by combining Eq. (C1) with Eq. (C6), we obtain an
expression for R. in terms of Ry and 6.q, which, when substi-
tuted in Eq. (C5) yields

20q _ 30°
2 OR3-03

tan (07)

Thus, the angle measured using Eq. (C7) may be used to
compare with the value of feq imposed in Eq. (B4) as a means
to assess the validity of the simplifying arguments invoked
in Appendix A. Figure 8 shows a plot foq measured using
Eq. (C7) as a function of the imposed angle /16 < foq <
3m/4, and for £/Ro = 0.1 and 0.01. As expected, agreement

improves as £/Ro — 0, but it remains generally better for
obtuse angles compared to acute ones. The reason is that
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FIG. 8. Measured equilibrium contact angle, f.q, using the
height of the droplet and Eq. (C7), as a function of the im-
posed one, feq, for £/Ro = 0.1 (solid curve) and /Ry = 0.01
(symbols) compared with feq = Oeq (dashed line), which is ex-
pected to hold as §/Ro — 0. The inset shows droplet profiles
for feq = m/4 in the cases of £/Ro = 0.1 (top; feq ~ 0.327)
and &/Rp = 0.01 (bottom; feq ~ 0.287). The red-colored line
is a scale bar for Ry which is used for scaling the profiles; the
dotted curves correspond to fitted circular arcs matching the
height and volume of the drop.

for smaller angles, the droplet’s height decreases, making the
assumption in Appendix A of an infinitely large wedge less
relevant in this limit. Although the analysis in the Appendix
could be revisited to account for finite-size effects, we chose
not to pursue this approach, as the correction terms found did
not significantly affect the results in the axisymmetric setting
considered here.

2.0 M
G Bottom flat, Eq. (C8)
= = Top cap, Eq. (C4)

1.6
g 12
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FIG. 9. Plot of g as a function of v when £/Ro = 0.01 and
feq = m/4. Solid green line refers to the solution of Eq. (B4).
Dotted and dashed curves correspond to the flattened and
cap-shaped regions of the droplet given by Egs. (C4) and (C8),
respectively, using the measured angle 0.q ~ 0.287.

Also noteworthy is that Eq. (B4) admits planar solutions.
The flattened part of the droplet, is assumed to lie on the
plane z = —/£ (see Fig. 7), which is expressed in spherical co-
ordinates as r = — R, sin*(foq/2)/ cos ¢ [see Eq. (C5)]. Equiv-
alently, using r = Rog(u) with u = cos ¢, we find that ¢ is



approximated well as u — —1 by
csin? 0—;(1
=2 c8
9(u) : (cs)
Since planar solutions have no curvature (V-n = 0), Eq. (B4)
becomes

(%)”7 (%)m = Ro(m — 1)(7(1n7—w1l§§f+ w3ty P ()

noting that § # £ is the distance from the substrate, see
Fig. 7). Solving this equation analytically is generally not
possible. However we expect that § < & and, in the limit
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of large drops (8 — 0), we have that § — & . However,
for certain combinations of n and m, an analytical solution
may be found. For the combination of exponents used in the
present study, (n,m) = (6, 3), we find

2 1/3

Figure 9 compares the solution to Eq. (B4) with the approx-
imations given in Eqgs. (C4) and (C8) for feq = /4 and
&/Ro = 0.01. An excellent agreement is observed when the
angle used is not the one imposed in the model, but the one
measured using Eq. (C7), found to be fcq ~ 0.287.
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