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Figure 1: Decomposing Vector Fields: the tangential component of a wind field interacting with an ear (left, LIC visualization [5]) reveals
its curl free component (middle) and divergence-free component (right) after decomposition. In this paper, simple computational tools are
introduced to produce such a decomposition, for discrete 2D and 3D vector fields defined on irregular grids, even on curved manifolds.

Abstract
While 2D and 3D vector fields are ubiquitous in computational sci-
ences, their use in graphics is often limited to regular grids, where
computations are easily handled through finite-difference methods.
In this paper, we propose a set of simple and accurate tools for
the analysis of 3D discrete vector fields on arbitrary tetrahedral
grids. We introduce a variational, multiscale decomposition of vec-
tor fields into three intuitive components: a divergence-free part, a
curl-free part, and a harmonic part. We show how our discrete ap-
proach matches its well-known smooth analog, called the Helmotz-
Hodge decomposition, and that the resulting computational tools
have very intuitive geometric interpretation. We demonstrate the
versatility of these tools in a series of applications, ranging from
data visualization to fluid and deformable object simulation.
Keywords: Vector fields, Variational approaches, Hodge decom-
position, Scale-space description, Animation, Visualization

1 Introduction
Discrete multivalued fields such as vector and tensor fields are ubiq-
uitous in computational sciences. In Computer Graphics, they are
used in a large number of applications ranging from fluid and de-
formable object simulation to the analysis of MRI data for medical
prognosis. Due to the sheer complexity of these nonscalar fields,
their numerical processing is most often performed on regular grids,
due to a lack of simple and accurate tools for irregular grids. Yet,
arbitrary grids are more efficient and flexible at discretizing 2D and
3D regions, whether they are in Euclidean spaces or on curved man-
ifolds. The goal of this paper is to present a simple and accurate
approach to vector field processing on arbitrary tetrahedral grids,
to catalyze the development of algorithms and implementations of
such rich data in computer graphics.

Most of the work done so far on discrete vector field analysis has
tried to mimic well-known differential properties of vector fields
dating back to Poincaré (1854-1912). Globus et al. [11] for instance

described a methodology for vector field analysis by examining the
eigenvalues of the jacobian matrix of a velocity field trilinearly in-
terpolated on curvilinear grids. They also created a discrete topol-
ogy of vector fields by connecting critical points through stream-
lines. This notion of topology can be used to not only analyze, but
also to describe vector fields, even noisy ones that can be smoothed
while preserving [29] or simplifying [27, 14] their topology. An al-
ternative for computing the singularities of three dimensional flow
fields was shown in [16] using Clifford algebra. It can not only find
and classify point singularities, but also line and surface singulari-
ties. However, the approach is so far restricted to regular grid data;
moreover, the computations involved provide topological informa-
tion only, and often return false positives. This is actually a com-
mon problem: since most vector field feature detections are based
on very local estimates (often using the jacobian or the winding
number), inevitable noise in the data often leads to poor numerical
quality of the approximants, and thus inaccurate feature detection.
As we will see, we use instead a variational approach to offer a
more global solution to feature detection that does not suffer from
such sensitivity to noise.

Smoothing vector fields has also been proposed as an efficient
way to simplify complex datasets, and render the analysis more
tractable [29, 4]: for instance, [24, 9] use anisotropic nonlinear dif-
fusion methods to clean “noise” (small-scale features) from 2D and
3D fluid flows. This general idea is essential when dealing with
very complex data sets issued from large simulation on supercom-
puters: the native resolution of the data prevents any global pro-
cessing without prior simplification. We will also provide, in con-
junction with a vector field decomposition, a multiscale description
of vector fields to allow for a multiresolution probing of the data.

1.1 Hodge Decomposition for Smooth Fields
For smooth data, there is a well known way to decompose a vec-
tor field into both intuitive and useful components: it is called
the Helmholtz-Hodge decomposition [1]. First, recall that � =
(�/�x,�/�y,�/�z)t is the gradient, �• = �/�x + �/�y + �/�z is the
divergence operator, and �× is the curl operator (also called rota-
tional). With this notation, for a smooth 3D vector field � defined
in a region T , there exists a unique decomposition satisfying the
following properties:

� = �u+�×v+h (1)

where:
� u is a scalar potential field; note that �×(�u) = 0,
� v is a vector potential field; note that � • (�×v) = 0, and
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