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Figure 1: Decomposing Vector Fields: the tangential component of a wind field interacting with an ear (left, LIC visualization [5]) reveals
its curl free component (middle) and divergence-free component (right) after decomposition. In this paper, simple computational tools are
introduced to produce such a decomposition, for discrete 2D and 3D vector fields defined on irregular grids, even on curved manifolds.

Abstract
While 2D and 3D vector fields are ubiquitous in computational sci-
ences, their use in graphics is often limited to regular grids, where
computations are easily handled through finite-difference methods.
In this paper, we propose a set of simple and accurate tools for
the analysis of 3D discrete vector fields on arbitrary tetrahedral
grids. We introduce a variational, multiscale decomposition of vec-
tor fields into three intuitive components: a divergence-free part, a
curl-free part, and a harmonic part. We show how our discrete ap-
proach matches its well-known smooth analog, called the Helmotz-
Hodge decomposition, and that the resulting computational tools
have very intuitive geometric interpretation. We demonstrate the
versatility of these tools in a series of applications, ranging from
data visualization to fluid and deformable object simulation.
Keywords: Vector fields, Variational approaches, Hodge decom-
position, Scale-space description, Animation, Visualization

1 Introduction
Discrete multivalued fields such as vector and tensor fields are ubiq-
uitous in computational sciences. In Computer Graphics, they are
used in a large number of applications ranging from fluid and de-
formable object simulation to the analysis of MRI data for medical
prognosis. Due to the sheer complexity of these nonscalar fields,
their numerical processing is most often performed on regular grids,
due to a lack of simple and accurate tools for irregular grids. Yet,
arbitrary grids are more efficient and flexible at discretizing 2D and
3D regions, whether they are in Euclidean spaces or on curved man-
ifolds. The goal of this paper is to present a simple and accurate
approach to vector field processing on arbitrary tetrahedral grids,
to catalyze the development of algorithms and implementations of
such rich data in computer graphics.

Most of the work done so far on discrete vector field analysis has
tried to mimic well-known differential properties of vector fields
dating back to Poincaré (1854-1912). Globus et al. [11] for instance

described a methodology for vector field analysis by examining the
eigenvalues of the jacobian matrix of a velocity field trilinearly in-
terpolated on curvilinear grids. They also created a discrete topol-
ogy of vector fields by connecting critical points through stream-
lines. This notion of topology can be used to not only analyze, but
also to describe vector fields, even noisy ones that can be smoothed
while preserving [29] or simplifying [27, 14] their topology. An al-
ternative for computing the singularities of three dimensional flow
fields was shown in [16] using Clifford algebra. It can not only find
and classify point singularities, but also line and surface singulari-
ties. However, the approach is so far restricted to regular grid data;
moreover, the computations involved provide topological informa-
tion only, and often return false positives. This is actually a com-
mon problem: since most vector field feature detections are based
on very local estimates (often using the jacobian or the winding
number), inevitable noise in the data often leads to poor numerical
quality of the approximants, and thus inaccurate feature detection.
As we will see, we use instead a variational approach to offer a
more global solution to feature detection that does not suffer from
such sensitivity to noise.

Smoothing vector fields has also been proposed as an efficient
way to simplify complex datasets, and render the analysis more
tractable [29, 4]: for instance, [24, 9] use anisotropic nonlinear dif-
fusion methods to clean “noise” (small-scale features) from 2D and
3D fluid flows. This general idea is essential when dealing with
very complex data sets issued from large simulation on supercom-
puters: the native resolution of the data prevents any global pro-
cessing without prior simplification. We will also provide, in con-
junction with a vector field decomposition, a multiscale description
of vector fields to allow for a multiresolution probing of the data.

1.1 Hodge Decomposition for Smooth Fields
For smooth data, there is a well known way to decompose a vec-
tor field into both intuitive and useful components: it is called
the Helmholtz-Hodge decomposition [1]. First, recall that � =
(�/�x,�/�y,�/�z)t is the gradient, �• = �/�x + �/�y + �/�z is the
divergence operator, and �× is the curl operator (also called rota-
tional). With this notation, for a smooth 3D vector field � defined
in a region T , there exists a unique decomposition satisfying the
following properties:

� = �u+�×v+h (1)

where:
� u is a scalar potential field; note that �×(�u) = 0,
� v is a vector potential field; note that � • (�×v) = 0, and
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� h is the so-called ”harmonic” vector field; note that � •h = 0 and
�×h = 0.

The uniqueness requires proper boundary conditions as well: �u
must be normal to the boundary �T of T , while �×v must be tan-
gential to it. Due to the properties of the potential fields, �u is
called the curl-free component (�×(�u) = 0), while �×v is called
the divergence-free component (� • (�×v) = 0). This decompo-
sition is particularly interesting for extraction of the features and
singularities of a flow. For instance, in 2D fields, the curl-free term
�u contains only sources and sinks, while the divergence free term
�×v contains only vortices (see Figure 3). Therefore, in addition
to the intrinsic mathematical values of this decomposition, these
components correspond to our intuition about what is a flow.

This natural decomposition is, alas, only well defined for dif-
ferential vector fields. One has to extend this smooth definition
to the discrete setting for computational purposes, and this is no
trivial matter as even the notion of divergence or curl needs to
be properly defined for discrete data. Discrete Helmholtz-Hodge
decomposition on regular grids has already been used in graph-
ics (see [25, 10] for instance) and is relatively straightforward to
implement with a finite-difference approach. It is, however, much
harder to design a practical and accurate method for arbitrary grids.
Several mathematical methods have been proposed to solve this is-
sue for piecewise-linear vector fields(see [3]). Recently, Polthier
and Preuß have successfully derived a technique for 2D discrete
piecewise-constant vector fields in [22, 23]1 that is particularly sim-
ple to implement, and has the attractive feature of preserving most
of the continuous properties of its differential counterpart. Thus, we
propose to extend this technique to 3D, as well as combine it with
a multiscale decomposition to provide a complete set of convenient
tools for vector fields.

1.2 Outline and Contributions
In this paper, we first propose in Section 2 a discrete 3D Helmholtz-
Hodge decomposition for irregular 3D grids, that both extends pre-
vious work [22, 23, 25] and matches its well-known differential
analog. Our projection of a vector field into three unique vector
field components (a curl-free field, a divergence-free field and a
harmonic field) preserves all the natural smooth properties in the
discrete sense. In developing our discrete decomposition, we will
introduce two discrete operators Div and Curl with definitions de-
rived from a simple variational approach. These discrete versions
of the smooth operators divergence and curl have intuitive physi-
cal meaning that matches their smooth counterparts. We then in-
troduce in Section 3 a multiscale representation of the projected

1Another attempt to define such a decomposition was also proposed
in [26], but in a different context.

Figure 2: Piecewise-constant Vector Fields: A 3D example of a vec-
tor field used in a scientific simulation; the vector field is assumed
constant within each tetrahedron.

fields, where fine-scale details are successively suppressed while
main features are preserved. Such a hierarchical decomposition is
particularly interesting for visualization purposes, as complex flows
can be represented at multiple scales to heighten the user’s intuition
and understanding of the global and local phenomena present in
the data. The resulting multiscale vector field decomposition is a
versatile computational tool: several applications are discussed and
demonstrated in Section 4, from a vector field processing and visu-
alization toolbox, to the animation of fluids and elastic objects on
irregular grids.

2 3D Vector Field Decomposition
In this section, we introduce a discrete vector field decomposition
that guarantees a proper and unique separation of a discrete vec-
tor field into a curl-free, a divergence-free and a harmonic field.
We show that this discrete treatment closely parallels the smooth
Helmholtz-Hodge decomposition (described in Section 1.1), pre-
serving all the fundamental differential properties while resulting
in a very simple implementation. Moreover, the geometric inter-
pretations behind each of the different step of this technique are
simple and intuitive.

2.1 Setup and Definitions
Our basic setup is largely inspired by [23], and extended to 3D vec-
tor fields.

Domain The finite domain on which the vector analysis needs to
be performed is given in the form of a tetrahedralization T . We will
make no assumption on the shape of the tetrahedra, or on the genus
of the region: they can be arbitrary. However, for clarity’s sake,
we will assume in this section that our domain is a region of the
“flat” 3D (Euclidean) space. It will be shown later (in Section 4.2.2)
how straightforward it is to extend our discrete Helmholtz-Hodge
decomposition to arbitrary embedding (for 3D volumes embedded
in nD, as in space-time simulations for instance).

Discrete Vector Fields On this domain, we will assume the
input discrete vector field � to be cell-centered: inside each tetrahe-
dron Tk of the domain, the vector field is supposed to be constant,
and is represented by a vector �k. If the input vector field is not cell-
centered (as in finite element computations for instance), the field
can be averaged over each tetrahedron or simply sampled at the
barycenter to create the appropriate cell-centered representation.

Discrete Potential Fields Our goal is to mimic the smooth
Hodge decomposition. We thus need to define two potentials (resp.
u and v) such that their derivatives (resp. gradient and curl) repre-
sent the curl-free and divergence-free components of an input field
�. Given our choice of input vector fields, it is natural to define
these potential fields as being linear on each tetrahedron of T , i.e.,
defined at vertices (also called nodes) of the domain and linearly in-
terpolated within each tetrahedron. The gradient or the curl of any
node-based linear function will then be constant within any given
tetrahedron, defining a proper cell-centered vector field. Notice that
this is reminiscent of the staggered grid approach commonly used
for regular grids [25] due to its superior numerical qualities: the
vector field and the potentials are not collocated, but instead, live
on dual grids. In our case, the primal potential field defined using
linear finite elements naturally induces a dual vector field, constant
in each grid cell. This is also the traditional setup of what is some-
times called the mixed finite-volume/finite-element method [17].

Definitions In order to avoid confusion, we will always use the
index i to refer to a node of the tetrahedralization T at a spatial
position xi and use the index k for a tetrahedron Tk � T . We now
define the function spaces we will be working with.
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� We will call L the (primal) space of piecewise-linear potential
fields. A potential (scalar or vector) field f � L is expressed as:

f (x) = �
i

�i(x) fi,

with �i being the piecewise-linear basis function valued 1 at node
xi, and 0 at all other nodes of T , and fi being the value of f at
xi. Due to the local support of the basis functions �i, the value
of f within a tetrahedron defined by (xi1 ,xi2 ,xi3 ,xi4 ) is simply:
f = �i1 fi1 + �i2 fi2 + �i3 fi3 + �i4 fi4 . We will also use the notation
�ik to refer to the function �i restricted to tetrahedron Tk.

� We will call C the (dual) space of piecewise-constant vec-
tor fields. A vector field w � C can expressed as: w(x) =
�k �k(x)wk, with �k being the piecewise-constant basis function
valued 1 inside tetrahedron Tk and 0 anywhere else. The vector
field w is therefore valued wk inside the tetrahedron Tk. Notice
that both the gradient (resp. the curl) of a primal scalar (resp.
vector) potential field in L is a dual vector field, i.e., a member
of C , since a piecewise-linear field has piecewise-constant first
derivatives.

The discrete vector field decomposition we present next can
therefore be formulated as follows:

For a vector field � � C , find the two potential fields u � L
and v � L , and the vector field h � C , such that a Hodge-
type decomposition (Eq. 1) can be formulated for �.

Next, we define the discrete notions of divergence-free and curl-
free components of a vector field, and propose a discrete decom-
position that satisfies the uniqueness property for proper boundary
conditions.

2.2 Curl-free Component
Using the smooth Hodge decomposition as a guide, we wish to find
a piecewise-linear function u such that its spatial gradient �u cap-
tures the curl-free part of the original vector field �. In the smooth
case, this component corresponds to the L2 projection of � onto the
space of curl-free fields [1]. Therefore a natural, globally-optimal
field u satisfying this property can be defined as minimizing the fol-
lowing quadratic functional [23]:

F(u) =
1
2

�

T
(�u��)2 dV (2)

A necessary condition for a potential u to be a minimizer of
this function is to satisfy, for each node i, the linear equation
�F(u)/�ui = 0. In the Appendix A, we show that these linear equa-
tions can be expressed as:

�i,
�

T
��i •�u dV =

�

T
��i •� dV. (3)

2.2.1 Solving for the Potential
The optimality conditions being linear, it is straightforward to find
the potential u by solving the linear system in Eq. 3, which can be
rewritten at each node as a simple sum over the neighboring tets:

�i, �
Tk�N (i)

��ik • (�u)k |Tk| = �
Tk�N (i)

��ik •�k |Tk| (4)

where N (i) is the set of all tetrahedra immediately adjacent to the
node i, and |Tk| is the volume of tetrahedron Tk. The locality of
these conditions leads to a sparse matrix. Forming this matrix is
a simple matter of computing the non-zero coefficients involved;
rewriting (�u)k as a function of the local basis functions indicates
that these coefficients are of the form ��ik • �� jk. To facilitate the
implementation, we note that ��ik is simply the vector orthogonal
to the face fik opposite to i in the tet Tk, pointing towards i and with

a magnitude of |��ik| = area( fik)
3 |Tk|

. Using this geometric definition

Figure 3: Vector Field Decomposition (visualized using LIC [5]):
a 2D field (top, left) is decomposed into its curl-free part (middle,
left) and its divergence-free part (bottom, left). Right: the same de-
composition after a non-linear smoothing of the potentials. Notice
that only the small vortices have disappeared as can be seen from
the superimposed features (top).

of the terms involved, the coefficients of the matrix of this linear
system can then be computed easily.

To guarantee uniqueness we also need to specify boundary con-
ditions. We choose to set u|�T = 0: this results in �u being orthog-
onal to each face on the boundary which is a required condition for
uniqueness in the smooth Hodge decomposition [1]. Notice that
any other constant value at the boundary could be used, reflecting
the fact that the potential u is defined up to a constant. Given these
boundary conditions the sparse linear system can now be solved
efficiently using a conventional conjugate gradient technique.

2.2.2 Discrete Divergence
Eq. (3) suggests the introduction of a discrete operator Div. For a
vector field w � C and a node xi, we define:

(Div w)(xi) = �
Tk�N (i)

��ik •w |Tk| . (5)

Indeed, with this definition, Eq. 4 can be directly expressed as a
discrete equivalent of the Poisson equation:

Div(�u) = Div �. (6)

Notice that in the smooth case, u satisfies the same Poisson equa-
tion, but with the smooth divergence operator �•, as can be seen by
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